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The problem of finding an optimal curve for the target magnetic axis of a stellarator is addressed.
Euler-Lagrange equations are derived for finite length three-dimensional curves that extremise their
bending energy while yielding fixed integrated torsion. The obvious translational and rotational
symmetry is exploited to express solutions in a preferred cylindrical coordinate system in terms of
elliptic Jacobi functions. These solution curves, which, up to similarity transformations, depend
on three dimensionless parameters, do not necessarily close. Two closure conditions are obtained
for the vertical and toroidal displacement (the radial coordinate being trivially periodic) to yield a
countably infinite set of one-parameter families of closed non-planar curves. The behaviour of the
integrated torsion (Twist of the Frenet frame), the Linking of the Frenet frame and the Writhe of
the solution curves is studied in light of the Ca˘luga˘reanu theorem. A refreshed interpretation of
Mercier’s formula for the on-axis rotational transform of stellarator magnetic field-lines is proposed.
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I. INTRODUCTION
In toroidal fusion devices such as the tokamak and the
stellarator, high rotational transform - the average link-
ing of neighbouring field-lines per revolution around the
axis - is essential for plasma confinement [1]. In toka-
maks, which are axisymmetric devices, the winding of the
magnetic field is obtained by varying the poloidal flux in
time, thereby inducing strong toroidal (parallel) currents
(or curl of the inner magnetic field). The duration of a
tokamak discharge is thus limited to the duration of the
ramp-up and ramp-down of the central solenoid stack,
although there are ways to sustain current through radio
waves (cyclotron resonance) [2] or by exploiting kinetic
effects (bootstrap) [3]. In stellarators, the confining field
is static and net toroidal currents are avoided. The ex-
ternal current-carrying coils are arranged in such a way
that the vacuum magnetic field produced wraps tightly
around the plasma, thereby linking the magnetic axis by
the helical trajectory of its field-lines. The main reason
the production cost of a stellarator is so high is because
the shape of its coils can be extremely complex. Opti-
mising the coil geometry is an important component of
stellarator design [4] and a prerequisite for the economic
viability of the stellarator concept.
The stellarator optimisation problem is extremely dif-
ficult in that the number of degrees of freedom is far too
large to be explored empirically; design points must be
chosen through well-organised computations [5]. A po-
tential caveat is that the choice of coordinates and mag-
netic field representation will favour certain classes of so-
lutions. For example, a Fourier expansion in terms of
the toroidal angle will not allow for plasma shapes with
vertical or radial portions, although it is entirely possi-
ble that such configurations can result in simpler coils
and better confinement performances. In this sense, nu-
merical computations must be guided by the theoretical
understanding of simple models, that can serve as reliable
benchmark cases for code verification and validation.
It is common knowledge that high rotational transform
at the magnetic axis of stellarators can be achieved with-
out inducing current by means of two independent ef-
fects [6, 7]: i) rotating an elliptic plasma boundary along
a circular (planar) axis, as for example in the Large Heli-
cal Device (LHD) in Toki, Japan [8], ii) harnessing finite
integrated torsion from a non-planar magnetic axis, as
for example in the Wendelstein 7-X in Greifswald, Ger-
many [9]. In the first case, penetration of the helical
component is expected to decay as rm−1, where r is the
minor radius of the torus and m is the poloidal mode
number of the applied boundary rotation (for an elliptic
boundary m = 2). The plasma edge thus receives more
shear than the axis. In the second case, the rotational
transform at the magnetic axis arises purely from its ge-
ometry. It can be imposed, up to a certain extent, almost
independently from the rotation of the boundary. A re-
cent coil design exercise using the FOCUS code [10] has
shown that increasing ellipticity of the boundary tends
to increase the coil complexity more so than increasing
the integrated torsion [11].
It is thus legitimate to ask what smooth curve provides
maximum integrated torsion without being too “com-
plex”. More precisely: What are the closed curves of
fixed length and given integrated torsion that minimise
bending energy ? This particular question is addressed
in a series of mathematical papers [12–14]. The analysis
therein is repeated and extended with a focus on being
able to control the integrated torsion of the magnetic axis
and produce a maximum amount of rotational transform.
The representation of solution curves is exploited to cat-
egorise families of ideal target magnetic axes and starting
points for efficient stellarator designs. Our derivation de-
viates from [14] in the fact that the length of the curve is
held fixed and the maximum curvature becomes a depen-
dent variable, whereas the opposite assumption is made
in their work.
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2The strategy is to first obtain the solution to the vari-
ational problem of minimising the total squared curva-
ture of a curve with fixed length and prescribed inte-
grated torsion. The solution curves do not necessarily
close on themselves, therefore additional conditions are
derived to constrain the set of free parameters. The re-
sult is a countably infinite set of one-parameter families
of closed curves isotopic to torus knots (including the un-
knot). It is then highlighted that smooth deformations
of the solution curves near states of inflexion give rise
to severe discontinuities in the integrated torsion, which
on physical grounds cannot affect the on-axis rotational
transform. This inconsistency is resolved by applying the
Ca˘luga˘reanu theorem to the linking of magnetic field-
lines separately to the linking of the Frenet frame on
the magnetic axis. In fact, it is shown that the relevant
quantity for the on-axis rotational transform due to non-
planar geometry is the so-called Writhe of the supporting
curve. A quantitative estimate of the Writhe (and con-
sequently the on-axis rotational transform) is derived for
our closed energy-minimising (elastic) curves. The well-
known formula by Mercier [6] is revisited to provide a
clear interpretation of its mysterious integer of topologi-
cal origin.
After some definitions, section II recalls the properties
of the Frenet frame for three-dimensional curves. Sec-
tion III formulates the variational problem of minimising
bending energy subject to constraints on length and inte-
grated torsion, and derives the associated Euler-Lagrange
equations. Section IV exploits the symmetries of the La-
grangian in order to yield two Noether fields. Section
V derives analytic solutions to the Euler-Lagrange equa-
tions in a special cylindrical coordinate system. Section
VI lists a series of conditions for the solution curves to be
periodic and closed. Section VII assesses the integrated
torsion and expresses the linking of the Frenet frame as
well as the Writhe of closed solution curves based on the
Ca˘luga˘reanu theorem. The effect of non-planar geome-
try on the on-axis rotational transform is quantified for
n-periodic unknotted closed solution curves and the con-
jugate (n− 1, n)-torus knots. Section VIII concludes the
work.
II. DEFINITIONS
The target magnetic axis of a stellarator is represented
by a smooth curve x(s) (of class C∞), parametrised by
its arc-length s ∈ [0, L], where L is its total length. This
representation is such that the velocity vector has unit
length,
x′ · x′ = 1, (1)
where x′ = dx/ds. One can verify that there is no loss
of generality in choosing the arc-length parametrisation,
only for an explicit constraint (Lagrange multiplier func-
tion) appearing in the variational formulation; the same
Euler-Lagrange equations are obtained starting with an
arbitrary parametrisation where only the length of the
curve is constrained [13]. The arc-length parametrisa-
tion significantly reduces the algebra.
The fundamental theorem of curves states that every
regular curve in R3 with non-zero curvature is completely
determined up to isometries by its curvature and torsion
functions, respectively κ and τ , via the Frenet-Serret for-
mulae, xtn
b

′
=
0 1 0 00 0 κ 00 −κ 0 τ
0 0 −τ 0

xtn
b
 , (2)
where {t,n, b} - the tangent, normal, and bi-normal vec-
tor triad - forms the orthonormal Frenet frame,
x′
(1)
= t
x′′ = t′ = κn
x′′′ = −κ2t+ κ′n+ κτb
x′′′′ = −3κ′κt+ (κ′′ − κ3 − κτ2)n+ (2κ′τ + κτ ′)b
(3)
where b = t× n.
The curvature and torsion of the curve correspond to
κ2(x′′) = x′′ · x′′ (1)= −x′ · x′′′, (4)
τ(x′,x′′,x′′′) =
(x′ × x′′) · x′′′
κ2
. (5)
These functions are noted to scale with the inverse of the
curve’s length, i.e. κ ∝ τ ∝ L−1. This fact is used later
to adimensionalise the parameter space of the solution
curves. The following identities are also listed for later
use:
∂τ
∂x′
= τt+ κb,
(
∂τ
∂x′
)′
= τ ′t+ κ′b, (6)
∂τ
∂x′′
= − τ
κ
n− κ
′
κ2
b,
∂τ
∂x′′′
=
1
κ
b, (7)
∂τ
∂x′′
=
(
∂τ
∂x′′′
)′
. (8)
Owing to the classical Euler-Bernoulli model of thin
elastic rods, we consider the bending energy of a curve to
be proportional to the total squared curvature,
E :=
∫ L
0
1
2κ
2ds =
∫ L
0
1
2x
′′ · x′′ds, (9)
as a measure of the complexity of the magnetic field and
therefore a component of the total cost of the coil design.
Critical points of the bending energy functional for
given boundary conditions are well-known curves called
elasticae and have been extensively studied in the context
of beam deflection. Among all closed curves, Fenchel’s
theorem [15] states that E ≥ 4pi2/L, where the lower
bound is achieved by the planar circle - the most trivial
closed elastica with constant curvature and zero torsion.
3Interestingly, there is a countably infinite set of closed
non-circular elasticae [12], which however correspond to
”saddle points” of the bending energy functional [16]. A
constraint on the non-planarity thus needs to be added
to the variational problem in order to yield stable non-
planar optimal stellarator axes. A convenient choice is
to control the average torsion, referred hereafter by the
following dimensional quantity
< τ >:=
1
L
∫ L
0
τds. (10)
We will refer to the integrated torsion - or the Twist of
the Frenet frame - by the adimensional quantity
Tw,Frenet := 1
2pi
∫ L
0
τds =
L
2pi
< τ > . (11)
III. EULER-LAGRANGE EQUATIONS
The curve of minimal bending energy and prescribed
integrated torsion is the extremal curve of the objective
functional
S[x] =
∫ L
0
ds
[
1
2
κ2 +
1
2
Λ(x′ · x′ − 1) + λ2(τ − τ0)
]
,
(12)
which consists of three terms: i) the bending energy, ii)
a term enforcing the arc-length parametrisation of equa-
tion (1) via the Lagrange multiplier function Λ(s) and
iii) a term to control the integrated torsion via the scalar
Lagrange multiplier λ2, so that < τ >= τ0. The relative
sign between the terms is absorbed in the Lagrange mul-
tipliers. The whole integrand is commonly referred to as
the Lagrangian.
Variation of the functional S with respect to x yields
δS =
∫ L
0
ds
{
E · δx+ d
ds
[
λ2
∂τ
∂x′′′
· δx′′ + x′′ · δx′
+
(
−x′′′ + Λx′ + λ2 ∂τ
∂x′
)
· δx
]}
, (13)
where the Euler-Lagrange equations are identified as
E(x′,x′′,x′′′,x′′′′) = x′′′′ − (Λx′)′ − λ2
(
∂τ
∂x′
)′
= 0.
(14)
A simplification occurred thanks to (8). The differen-
tial vector equation (14) can be written in terms of the
curvature and torsion functions in the Frenet frame, as
− (Λ′ + 3κ′κ+ λ2τ ′)t+ (κ′′ − κ3 − κτ2 − Λκ)n
+ [κ′(2τ − λ2) + κτ ′]b = 0. (15)
After integrating once, this leads to the following rela-
tions:
Λ(s) = λ1 − 32κ2 − λ2τ, (16)
κ2 (2τ − λ2) = c, (17)
(κ′)2 +
1
4
(κ2 − 2λ1)2 + κ2(τ − λ2)2 = J2, (18)
where λ1 is a scalar Lagrange multiplier related to the
constraint on total length, and c and J2 are integration
constants. The four parameters, λ1, λ2, c and J
2, com-
pletely determine the size and shape of the solution to
the Euler-Lagrange equations (up to isometries) [14].
IV. SYMMETRIES AND NOETHER CHARGES
The Euler-Lagrange equation (14) can be immediately
integrated to yield x′′′ −Λx′ − λ2
(
∂τ
∂x′
)
= J , where J is
the constant force from the end points propagating along
the curve. Translations and rotations constitute isome-
tries in R3 and are obvious symmetries of the Lagrangian.
From Noether’s theorem, one learns that J represents
the conserved quantity related to the invariance of the
Lagrangian under translations, δx = ∆, δx′ = δx′′ = 0
where ∆ is an arbitrary constant vector. Thus, the curve
is such that the following vector field is constant:
J =
1
2
(κ2 − 2λ1)t+ κ′n+ κ(τ − λ2)b. (19)
Thanks to the invariance of the Lagrangian under rota-
tion, δx = Ω × x, δx′ = Ω × x′ and δx′′ = Ω × x′′
where Ω is an arbitrary constant vector, we obtain an-
other Noether charge A, related to the torque from the
end points. Therefore, the curve is such that the follow-
ing vector field,
I(s) = λ2t+ κb = A+ x× J (20)
generates an isometry (translation along A and rotation
around J). We see from (20) that, under translation
x 7→ x+∆, A 7→ A−∆×J . By choosing ∆ = J×A/J2,
the charge A 7→ J(A ·J)/J2 can be aligned with J , such
that only the only relevant component is
A · J = I · J = 1
2
c− λ1λ2 := aJ2. (21)
By virtue of rotational invariance, we mention that the
solution curves respect stellarator symmetry [17], which
is equivalent to a 180−degree rotation about a charac-
teristic axis in the xy plane.
Reparametrisation of the curve does not affect its prop-
erties. In particular, the reversal of the arc-length s 7→
−s together with J 7→ −J , A 7→ −A and τ0 7→ −τ0 rep-
resent the same solution. Furthermore, the Lagrangian
is invariant under a parity transformation x 7→ −x to-
gether with τ0 7→ −τ0, λ2 7→ −λ2, c 7→ −c and J 7→ −J .
Solution curves with negative integrated torsion can be
related to the ones with positive via orthogonal (rotation
and parity) and arc-length-reversal transformations.
4V. ANALYTIC SOLUTION
A. Curvature function
Equations (17-18) admit the following solution [14],
κ2(s) = κ20
[
1− p
2
w2
sn2 (t, p)
]
, t =
κ0
2w
(s− s0), (22)
where sn(t, p) is the Jacobi Elliptic sine function satis-
fying (dsn/dt)2 = (1 − sn2)(1 − p2sn2). The maximum
curvature κ0 > 0 and parameters 0 ≤ p ≤ w ≤ 1 are
(non-linearly) related to the original set through
4λ1 − λ22 =
κ20
w2
(3w2 − p2 − 1), (23)
c2 =
κ60
w4
(w2 − p2)(1− w2), (24)
4J2 = (κ20 − 2λ1)2 + κ20
(
c
κ20
− λ2
)2
. (25)
Since κ0 ∝ L−1, the following adimensional parameters
are used to factor out the uniform scaling of solutions:
c¯ = c/κ30, J¯ = J/κ
2
0, a¯ = aκ0, (26)
λ¯1 = λ1/κ
2
0, λ¯2 = λ2/κ0. (27)
Then, only three (adimensional) parameters are required
to specify the solution curves up to similarity transfor-
mations.
In anticipation of later results, we define
X = λ¯2w, Y =
c¯w2√
1− w2 , (28)
and consider (X,Y, p2) as our independent (dimension-
less) parameters. For convenience, we also define the
radius R in (X,Y )-space,
R2 = X2 + Y 2. (29)
Curves with X = 0 correspond to classical elasticae,
where the Lagrange multiplier on torsion vanishes, λ2 =
0. Those solutions are discussed in detail in [12]. Curves
with Y = 0 have constant torsion (c = 0) and are called
elastic rods.
A parity transformation in real space corresponds to
a point reflection of coordinates (X,Y ) 7→ (−X,−Y ).
Parity invariance implies symmetry (or anti-symmetry)
of all features in the (X,Y ) plane under a 180-degree
rotation, as illustrated in the figures below.
Based on the set of parameters (X,Y, p2), equation
(24) becomes an equation for w2,
w2 = Y 2 + p2, (30)
showing that the parameter Y ∈ [−p′, p′] is bounded,
where p′ =
√
1− p2. Equation (23) becomes an equation
for λ¯1,
λ¯1 =
1
2
− 1−R
2
4w2
or 1− 2λ¯1 = 1−R
2
2w2
. (31)
Equation (25) becomes an equation for J¯ ,
J¯ = ±
√
(1−R2)2 + 4(Y w′ −Xw)2
4w2
, (32)
where w′ =
√
1− w2. Equation (21) becomes an equa-
tion for a¯, which we express as
U = wa¯J¯ =
X(1−R2) + 2(Y w′ −Xw)w
4J¯w2
. (33)
It is convenient to define the conjugate of U ,
V =
Y (1−R2)− 2(Y w′ −Xw)w′
4J¯w2
, (34)
such that U2 + V 2 = X2 + Y 2 = R2.
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FIG. 1. Contours of constant U under the closure condition
∆z = 0.
B. Cylindrical coordinates
Exploiting the freedom of choosing the origin and ori-
entation of the coordinate system (translational and ro-
tational symmetry), we may align both constants of mo-
tion, J = Jzˆ and A = aJ = aJzˆ along the vertical
axis. We will assume that J > 0 defines the vertical di-
rection whereas a can be positive or negative (the other
branch of solutions are obtained by reversing the arc-
length variable s 7→ −s). In this special reference frame,
it is possible to represent the curve analytically using
cylindrical coordinates x(s) = (r cosϕ, r sinϕ, z), where
r(s), ϕ(s) and z(s) are functions of arc-length. Indeed,
since x = rrˆ+ zzˆ and A×J = 0 in this special reference
frame, the radial coordinate is immediately deduced from
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FIG. 2. Contours of constant V under the closure condition
∆z = 0.
the square of the vector field I,
I2 = κ2 + λ22 = J
2(r2 + a2) ⇐⇒ r(s) =
√
κ2 + λ22 − a2J2
J2
.
(35)
Somewhat counter-intuitively, the extrema of the curva-
ture function and the major radius of the curve occur at
the same points. We list:
r2max =
κ20
J2
p2 + V 2
w2
, r2min =
κ20
J2
V 2
w2
. (36)
We note that when V = 0, rmin = 0, and the curve
self-intersects on the vertical z-axis.
Expressing the tangent vector as t(s) = x′ = r′∂rx +
ϕ′∂ϕx+z′∂zx = r′rˆ+rϕ′ϕˆ+z′zˆ, one obtains a differential
equation for the vertical coordinate,
z′ = t · zˆ = t · J
J
=
κ2 − 2λ1
2J
, (37)
as well as for the toroidal angle,
I · t = λ2 = aJz′ − Jr2ϕ′, (38)
which we express as
dϕ
dt
=
awJ
κ0
κ2 − 2λ1 − 2λ2/a
κ2 + λ22 − a2J2
= U +
N
1−Msn2(t, p) ,
(39)
where the following parameters are defined:
M =
p2
p2 + V 2
, (40)
N = U
(
1−R2
2(p2 + V 2)
− 1
)
− 4w
2J¯X
2(p2 + V 2)
. (41)
Analytic solutions of the differential equations (37) and
(39) exist in terms of Jacobi theta functions [14].
The following useful identity can be proven (see ap-
pendix A):
N2 =
(1−M)(M − p2)
M
= V 2(1− p2 − V 2), (42)
indicating that p2 ≤ M ≤ 1 ⇐⇒ 0 ≤ V 2 ≤ 1 − p2, as
well as the fact that N = 0 when V = 0 and |V | = p′
(independent of X and Y ).
By the property (20), the curvature vector is expressed
in terms of the cylindrical coordinates as
κn = κb× t = A× t+ (x× J)× t
= −rJ(aϕ′ + z′)rˆ + r′J(aϕˆ+ rzˆ). (43)
This vector is purely radial at extremal points where κ′ =
r′ = 0. Evidently, the normal vector is always pointing
radially inwards at the maximum radial position (t = 0),
n · rˆ∣∣
rmax
= −1. (44)
After some tedious and uninteresting algebra starting
from (43), it is found that the direction of the normal
vector at the minimal radial position depends only on
the sign of Y and V ,
n · rˆ∣∣
rmin
= sgn(V )sgn(Y ), (45)
where sgn(Y ) = Y/|Y |, sgn(V ) = V/|V |.
VI. CLOSURE CONDITIONS
A. Periodicity of curvature
The curvature, the torsion and the radial coordinate of
the solution curves are periodic functions in t by virtue of
sn(t+ 2K(p), p) = −sn(t, p), where K(p) is the complete
elliptic integral of first kind. Their period in the arc-
length variable s defines the fundamental length l,
κ0l = 4wK(p). (46)
Periodicity of the curvature and torsion functions how-
ever does not guarantee that the curve is closed. The
helix is an example of a non-closing curve where the con-
stant curvature and torsion functions are trivially peri-
odic. As it will be seen in the following, there are in fact
no non-planar closed solution curves with the same peri-
odicity as the curvature function. Closed C∞-curves may
however occur when one lets the parameter s ∈ [0, nl] ex-
tend over an integer multiple n ∈ N∗ of the fundamental
length, thereby stringing together identical segments of
length l, and requiring that i) the vertical displacement
vanishes and ii) the toroidal angle returns to the same
value modulo 2pi. The total length of the curve is then
L = nl (and the integer n can be treated as a dependent
variable of X, Y and p2).
6B. Vertical displacement
By requiring that the net vertical displacement van-
ishes,
∫ L
0
z′ds = z(L) − z(0) = ∆z = 0, the first closure
condition is obtained as
< κ2 >= 2λ1, (47)
where
< κ2 >=
1
L
∫ L
0
κ2ds =
κ20
w2
(
w2 +
E(p)
K(p)
− 1
)
. (48)
This closure condition does not depend on the size of the
curve (adimensional) and determines the value of p2 as a
function of X and Y through
X2 + Y 2 = U2 + V 2 = R2 = A(p) (49)
where
A(p) = 2
E(p)
K(p)
− 1. (50)
The function A(p) monotonically decreases from A(0) =
1 to A(1) = −1, passing through zero at p2max =
0.8261 . . .. The (X,Y ) parameters defining curves whose
end-points are at the same height are thus conveniently
limited to the unit disk. Although more stringent bounds
exist, it is useful to note that A < 1− p2 = p′2, ∀p > 0.
The closure condition implies that
z′ = (κ2− < κ2 >)/2J has a purely oscillatory be-
haviour, zero mean and the same periodicity as the
curvature function, i.e. z(s) crosses zero twice per
segment where r(s) is extremal. The vertical coordinate
has thus one maximum and one minimum per segment,
alternating between the extrema of the radial coordinate.
The projection on the (r, z) plane is therefore isotopic
to a circle; the solution curves are embedded on tori
of revolution under the first closure condition. Closed
curves on this torus represent a set of measure zero in
the parameter space (X,Y ).
The edge of the unit disk corresponds to p→ 0, K →
pi/2, w → |Y |, X2 → 1 − Y 2, M → 0 and features
curves with constant curvature κ→ κ0 = 2pin|Y |/L and
constant toroidal variation dϕ/dt→ U +N . The torsion
function is therefore also constant and equal to
τ
p→0−→ 2pin
L
|X| sgn(X) + sgn(Y )
2
(51)
where sgn(X) = X/|X|.
At the edge of the unit disk in the first and third quad-
rants (QI and QIII), the torsion function τ → κ0|X|/|Y |
is non-zero, yielding helices. The radial excursion of the
curves rmax − rmin → 0 however shrinks to zero at the
same time as J¯ → 0 ⇒ rminκ0 → ∞. To respect the
finite length condition, the curvature and torsion func-
tion must therefore diverge κ0, τ → ∞ (at fixed ratio).
It can be shown that |U | → 0, |V | → 1 at the edge of QI
and QIII, such that |N | → 0 and the toroidal excursion
vanishes, dϕ/dt → 0. Consequently, the number of seg-
ments needs to diverge n → ∞ in order to form closed
curves. The limiting solution curves in QI and QIII are
somewhat pathological and uninteresting for the design
of stellarators.
At the edge of the unit disk in the second and fourth
quadrants (QII and QIV), the torsion function vanishes,
yielding planar circular curves. One can show that
U → Y ,V → X and N → Y , yielding a finite toroidal
displacement per segment of ∆ϕ/2pin→ Y . The solution
curves at the edge of QII and QIV thus trivially close,
provided that Y is a rational number.
C. Toroidal displacement
The second closure condition requires that the varia-
tion in the cylindrical angle at the end of one segment
be a rational fraction m/n of 2pi so that, by combining n
identical segments, the curve closes after m revolutions
around the vertical axis. The condition ∆ϕ/2pin = m/n
leads to a countably infinite family of relations between
X, Y and p2, labelled by the integer pair {(m,n)||m| <
|n|}. For the design of the magnetic axis of stellara-
tors, we are mostly interested in curves that close after
only one revolution around the vertical axis, i.e. m = 1.
Knotted configurations [18] would correspond to m > 1.
The toroidal displacement per segment can be ex-
pressed in terms of elliptic integrals of third kind Π(α2, p)
(see appendix B). The expression is valid for any choice
of parameters (X,Y, p2) and reduces thanks to identity
(42) to
∆ϕ
2pin
=
1
2pi
∫ 2K
0
dϕ
dt
dt =
1
2
[
UK
pi/2
+
N
pi/2
Π(M,p)
]
=
1
2
{
UK
pi/2
+
sgn(N)
pi/2
[KE(ξ, p′)− (K − E)F (ξ, p′)]
}
,
(52)
where sgn(N) = N/|N |, F (ξ, p) is the incomplete elliptic
integral of first kind, K = K(p) = F (pi/2, p), E(ξ, p)
is the incomplete elliptic integral of second kind, E =
E(p) = E(pi/2, p) and the ξ angle satisfies
cos ξ =
√
p2(1−M)
p′2M
=
√
V 2
1− p2 . (53)
This closure condition again does not depend on the size
of the curve.
The toroidal displacement per segment ∆ϕ/2pin is a
continuous function away from N = 0, where either V
crosses zero, |V | → 0, or V reaches its limiting amplitude,
|V | → p′. There is no problem in the latter case since ξ →
0 and ∆ϕ → 2nUK (under the first closure condition,
this uninterestingly happens only on the edge of the unit
disk in QI and QIII where |V | → 1 and |U | → 0). In the
7former however, ξ → pi/2, and the Legendre relation,
K(p)E(p′) + E(p)K(p′)−K(p)K(p′) = pi/2, (54)
implies that the toroidal displacement per segment tends
to
∆ϕ
2pin
|V |→0−→ 1
2
[
UK
pi/2
+ sgn(N)
]
. (55)
The toroidal displacement per segment is thus discontin-
uous crossing through the V = 0 line, where the curves
self-intersect at r = 0. The jump is exactly 1.
Assuming that the first closure condition ∆z = 0 is
in place, it turns out that sgn(N) = −sgn(V ). Fig-
ure 3 displays the contours of ∆ϕ/2pin at the values
±1/2,±1/3,±1/4,±1/5,±1/6 and at the complimentary
values ±2/3,±3/4,±4/5,±5/6. It is observed that one
can deform a closed (−m,n)-curve starting at Y = −m/n
in QIV into a (n−m,n)-curve arriving at Y = 1−m/n in
QII by following a rational contour of ∆ϕ/2pin. In par-
ticular, starting from a once-covered circle on the edge
of the unit disk in the fourth quadrant at (X,Y ) =√
n2 − 1/n,−1/n), the curve can be deformed into an
elastic rod where the contour-line intersect the X-axis
(Y = 0), followed by an elastica where the contour-
line intersects the Y -axis (X = 0), then into a self-
intersecting curve with n lobes where the contour-line
crosses the V = 0 line, then a (n−1, n) torus knot in the
second quadrant where V < 0 line, and finally into an
(n − 1)-covered circle (knotted) at the boundary of the
second quadrant at (X,Y ) = (
√
2n− 1/n, 1− 1/n). The
movies in the supplementary material show this sequence
for the n = 3 and n = 5 family of closed elastic curves.
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FIG. 3. Level curves of the toroidal displacement ∆ϕ/2pin
under the closure condition ∆z = 0 at the values
±1/2,±1/3,±1/4,±1/5,±1/6 and at the complimentary val-
ues ±2/3,±3/4,±4/5,±5/6.
VII. LINKING, TWISTING AND WRITHING
OF CURVES AND MAGNETIC FIELDS
The average torsion over multiples of the fundamental
length can be expressed in terms of elliptic integrals of
third kind. The result holds for both open and closed
solution curves of the Euler-Lagrange equations and ar-
bitrary parameters (X,Y, p2).
In the case where p2 < w2, i.e. |Y | > 0,
< τ > =
1
L
∫ L
0
τds =
1
K
∫ K
0
τdt =
κ0
2
λ¯2 + c¯Π
(
p2
w2 , p
)
K
 ,
(56)
and hence the integrated torsion is
Tw,Frenet = n
2
{
XK
pi/2
+
sgn(Y )
pi/2
[KE(χ, p′)− (K − E)F (χ, p′)]
}
, (57)
where the χ angle satisfies
sinχ =
w′
p′
=
√
1− w2
1− p2 =
√
1− Y
2
1− p2 . (58)
Figure 4 shows a contour plot of the integrated torsion
per segment Tw,Frenet /n on the (X,Y ) unit disk where
the closure condition ∆z = 0 is imposed to define the
value of p2 (see section VI B).
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FIG. 4. Integrated torsion per segment Tw,Frenet /n of a solu-
tion curve under the closure condition ∆z = 0.
As |Y | → 0, p2 → w2 and χ → pi/2, the Legendre
relation implies that the integrated torsion tends to
Tw,Frenet |Y |→0−→ n
2
[
XK
pi/2
+ sgn(Y )
]
. (59)
8and is discontinuous as Y changes sign. The jump is ex-
actly n. For the special case of elastic rods, p2 = w2 ⇐⇒
c = Y = 0, the constant torsion function is held at the
intermediate value
τ
∣∣
Y=0
=
λ2
2
=
n
2
XK
pi/2
2pi
L
. (60)
In this case, the curvature function touches zero (and
its derivative is discontinuous) at exactly n inflexion
points along the curve. Although the curve itself is
smooth and well-defined, its representation via the Frenet
frame breaks down. It is tempting to believe, in light of
Mercier’s formula [6], that the discontinuity of the inte-
grated torsion in equation (59) has a physical impact on
the on-axis rotational transform of a magnetic field, but
this would be ignoring the role of the integer of topo-
logical origin [7]. This number actually corresponds to
the linking of the Frenet frame, Lk,Frenet, i.e. how many
times the normal vector wraps around the curve. It is an
integer Lk,Frenet = Z ∈ Z for closed periodic curves and
a topological invariant of the Frenet framing.
In [19, 20], it is demonstrated by continuously deform-
ing a generic curve through states of inflexion that both
the integrated torsion Tw,Frenet and the linking of the
Frenet frame Lk,Frenet are discontinuous functions. For-
tunately however, the jump has to be exactly the same
for both functions such that their difference, the so-called
Writhe,
Lk,Frenet−Tw,Frenet = Z − L2pi < τ >=Wr,Frenet , (61)
is a smoothly varying function across a state of inflexion.
This is a corollary of the well-celebrated Ca˘luga˘reanu the-
orem [21] applied to the Frenet frame. The Writhe is a
geometric property of the curve, which is well-defined
in the presence of inflexion points or straight segments.
It represents the average crossing number over all pro-
jections and can be evaluated via a double Gauss inte-
gral [22]. Most importantly, the Writhe is independent
of the framing of the curve, i.e. Wr,Frenet =Wr.
The Ca˘luga˘reanu theorem acquires a special interpre-
tation when used to quantify how many times a neigh-
bouring field-line links to the magnetic axis,
Lk =Wr + Tw = Lk,Frenet−Tw,Frenet +Tw, (62)
i.e. the field-line linking (not necessarily integer) is equal
to the linking of the Frenet frame minus the integrated
torsion of the axis, plus the Twist Tw of the magnetic
field. The Twist of the magnetic field can be shown
to originate independently and almost exclusively from
parallel current (curl) and the rotation of the elliptical
boundary. This statement will be further detailed in
a future publication. The important message is that
the physically relevant quantity for the on-axis rota-
tional transform in relation to non-planar geometry is
the Writhe of the magnetic axis.
A standard definition of the rotational transform is the
average linking of neighbouring field-lines per toroidal
revolution, i.e. Lk divided by the total toroidal displace-
ment of the curve,
ι
2pi
:=
Lk
∆ϕ
∼ Wr
∆ϕ
. (63)
The presence of the integrated torsion in Mercier’s for-
mula appears to be, in light of equation (62), an artefact
of the Frenet frame. Expression (63) is noted to be suit-
able for vacuum fields (no parallel currents) surrounded
by a circular boundary where the Twist of the magnetic
field can be neglected.
To work out the Writhe of the unknotted closed solu-
tion curves along the level contour ∆ϕ/2pin = −1/n, we
start at the edge of QIV at (X,Y ) = (
√
n2 − 1/n,−1/n)
where the curve is composed of n planar arc-lengths form-
ing a (once-covered) circle. Since Y < 0 and V > 0
along ∆ϕ/2pin = −1/n, the normal vector never points
outwards (see equation 44 and 45) such that the neigh-
bouring curve x(s)+ n(s) easily detaches from x(s), ∀.
This implies that the Frenet frame is not linking, and
the integer Z = 0. The Writhe Wr = −Tw,Frenet is sim-
ply minus the integrated torsion along the level contour
∆ϕ/2pin = −1/n where Y < 0, and for these solution
curves, the rotational transform matches the integrated
torsion identically,
ι0 = Tw,Frenet . (64)
The integrated torsion is negative in QIV, vanishing at
the edge of the unit disk. The subsequent vanishing of
the Writhe is consistent with the fact that, for planar
curves, the Writhe is equal to the number of crossings,
and the once-covered circle is devoid of them.
Passing through the Y = 0 line into QI, the solution
curves experiences n inflexion points where the curvature
vector vanishes. Because the integrated torsion jumps by
+n but the Writhe must remain continuous, we deduce
that the Frenet frame must link by the same amount, i.e.
Z = n. Indeed, when Y > 0 along ∆ϕ/2pin = −1/n, the
normal vector points radially inwards at rmax but out-
wards at rmin. Knowing that the solution curve lies on a
torus of revolution, the neighbouring curve x(s) + n(s)
behaves as the torus’ centre line, and is being linked once
per periodicity by x(s). The Writhe of closed solution
curves is thusWr = n−Tw,Frenet along ∆ϕ/2pin = −1/n
where Y > 0. The rotational transform is then given by
ι+ = −n
(
1− Tw,Frenet
n
)
. (65)
The level contour ∆ϕ/2pin = −1/n ends in QII on the
V = 0 line, where closed solution curves self-intersect
at the origin of the cylindrical axis. The level contour
however connects with that of ∆ϕ/2pin = (n−1)/n in the
region where V < 0, yielding a continuous deformation
(homotopy) from unknotted solutions to (n− 1, n)-torus
knots in QII. As a particular case of the general formula
C = min[(p−1)q, (q−1)p] for the number of crossings of
9(p, q)-torus knots, the conjugate solution curves feature
C = (n − 2)n crossings (all negative). They tend to
(n− 1)-covered flat circles at the edge of the unit disk in
QII, where the torsion vanishes. Consequently, the value
of the Writhe approaches −C and we deduce that the
Frenet linking is Z = −C = n(2 − n) along the entire
level contour ∆ϕ/2pin = (n− 1)/n. In QII where V < 0,
the Writhe is thus Wr = n(2 − n) − Tw,Frenet and the
rotational transform (63) reads
ι− = −n
(
n− 2
n− 1 +
Tw,Frenet
n(n− 1)
)
. (66)
Expression (66) has the disadvantage that ι− tends to the
finite value n(n − 2)/(n − 1) at the edge of QII, where
the knot becomes a (n− 1)-covered circle. This conflicts
with the idea that rotational transform measures on a
Poincare´ plot the poloidal increment ∆θ of neighbour-
ing field-lines around the magnetic axis, ι/2pi = ∆θ/∆ϕ;
field-lines that follow the Frenet frame are fixed points
on a Poincare´ plot and do not progress poloidally, i.e.
∆θ ∝ ι → 0 is expected to vanish at the edge of QII.
For knotted configurations, it thus seems logical to off-
set the definition of rotational transform by the linking
of the curve with respect to a fixed axis, e.g. the ver-
tical axis. The latter choice is known as the blackboard
framing and yields the so-called Kaufmann self-linking
number LS [23]. The effective rotational transform per
curve periodicity is now defined as
ιeff := Lk − LS ∼ Wr − LS (67)
The prescription (67) suits unknotted configurations,
where LS = 0, so that results (64) and (65) remain un-
changed. The Frenet and blackboard framings coincide
at the edge of the unit disk, so that for knotted solution
curves LS = Lk,Frenet = ∓C and we obtain
ι−eff = −Tw,Frenet . (68)
The integrated torsion Tw,Frenet is continuous across
the V = 0 line, as seen on figure 4, so the jump n(n− 1)
in the Frenet linking must therefore compensate the jump
in the Writhe, again by the Ca˘luga˘reanu theorem. Fig-
ure 5 summarises the behaviour of the integrated torsion
per segment Tw,Frenet /n, the Frenet linking per segment
Lk,Frenet /n, the Writhe per segment Wr/n, the toroidal
displacement per segment ∆ϕ/2pin and the on-axis rota-
tional transform per segment ι/n and ιeff/n as a function
of the parameter X while deforming the n = 3 family
of solution curves along level contours ∆ϕ/2pin = −1/3
and ∆ϕ/2pin = 2/3. The evolution is also illustrated in
the supplementary material.
According to formulae (64-67), the rotational trans-
form (purple curve on figure 5) reaches its extreme value
at the V = 0 line for any value of n. As shown on fig-
ure 6, the integrated torsion Tw,Frenet |V=0 < 1 is always
smaller than unity on the V = 0 line and decreases with
the number of segments. Consequently, the on-axis rota-
tional transform |ι+|max > |ι−|max > |ι−eff|max is greater
-0.5 0.5 X
-1.0
-0.5
0.5
1.0
n=3
Tw,Frenet/n Lk,Frenet/n Wr/nΔφ/2π ι/n=2πWr/nΔφ ιeff/n
FIG. 5. Behaviour of the integrated torsion (blue), Frenet
linking (orange), Writhe (green), toroidal displacement (red),
on-axis rotational transform (purple) and effective rotational
transform (dashed black) per segment for the n = 3 family of
closed solution curves as a function of the parameter X. The
two discontinuities correspond to the crossing of the Y = 0
line (on the right) and the V = 0 line (on the left).
● ● ● ● ● ● ● ●
■ ■ ■
■ ■ ■ ■ ■
◆ ◆ ◆ ◆
◆ ◆ ◆ ◆
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲
3 4 5 6 7 8 9 10
n
0.2
0.4
0.6
0.8
1.0
along V=0,Y>0
● Tw,Frenet ■ |ι+ max/n ◆ |ι- max/n ▲ |ιeff- max/n
FIG. 6. (blue) Integrated torsion Tw,Frenet along the V = 0
as a function of the number of segments n. (orange) maxi-
mum achievable on-axis rotational transform per segment of
unknotted configurations, (green) of the conjugate (n− 1, n)-
torus knots, (red) maximum effective rotational transform of
(n− 1, n)-torus knots per segment.
in absolute value for unknotted configurations than for
knotted ones, as highlighted by the orange, green and red
markers on figure 6.
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VIII. CONCLUSION
The benign question of finding closed curves with min-
imal bending energy but fixed integrated torsion led to
the study of a rich class of elasticae. Several interesting
discontinuities appear explicitly in the analytic solutions,
which were given in terms of elliptic integral of third kind.
The discontinuity of the integrated torsion, where the so-
lution curves pass through a state of inflexion, is under-
stood as an artefact of the Frenet frame. The discon-
tinuity of the toroidal displacement per segment, where
the solution curves self-intersect through the origin, is
understood as an artefact of the cylindrical coordinate
system. Thanks to the Ca˘luga˘reanu theorem, one of the
three relevant quantities, namely Writhe when crossing
the Y = 0 and Twist when crossing the V = 0 line,
remained continuous, thereby imposing the jumps in the
other two to mutually cancel. Although everything could
have been calculated explicitly, the strong constraint that
is the Ca˘luga˘reanu theorem helped deduce the Linking of
the Frenet frame for all closed solution curves as well as
quantify the rotational transform purely arising from the
non-planar geometry of the magnetic axis.
Despite the obvious scaling of the on-axis rotational
transform with the number of repeated segments n, it is
found that the extremum of ι/n is achieved by unknotted
magnetic axes that are about to self-intersect. Whether
these solutions can be realised by the vacuum fields of a
coil design remains to be addressed. The detailed study
of these optimal curves nevertheless highlights the lead-
ing role of the Writhe component. This fact is not ap-
parent from Mercier’s formula but important to interpret
figure 4, which deceptively shows that the maximum in-
tegrated torsion is achieved by a magnetic axis with con-
stant torsion. The beneficial effect of Writhe suggests
the possibility of designing plasmas with 5-10 times the
on-axis rotational transform of current stellarators. The
usual Fourier representation is unsuited to access such
configurations through numerical optimisation since the
toroidal angle will generally be a non-monotonic function
of the axis’ arc-length.
We conclude by noting that such optimal curves seem
to occur in other natural phenomena such as the super-
coiling of DNA [24], the vortices of under-water air bub-
bles [25], flux-tubes in the solar corona [26], etc... Re-
sults herein may be directly applicable to the interplay
between Twist, Writhe and Linking in those systems.
SUPPLEMENTARY MATERIAL
The supplementary material contains two movies illus-
trating the continuous deformation discussed in VI C of
the n = 3 and n = 5 family of closed elasticae (in black)
and the linking of the Fernet frame in the form of a curve
(in red) displaced in normal direction.
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Appendix A: Proof of identity (42)
Express J¯ as a function of λ¯1, λ¯2 and c¯ using equation
(25)
J¯2 =
1
4
[(1− 2λ¯1)2 + (c− λ¯2)2] (A1)
and a¯ from equation (21)
a¯ =
2(c− 2λ¯1λ¯2)
(1− 2λ¯1)2 + (c− λ¯2)2
(A2)
From (23), express p2 as a function of λ¯1, λ¯2 and w
2
p2 = w2[1 + λ¯22 + 2(1− 2λ¯1)]− 1 (A3)
and then from (24)
w4(c2 + 4λ¯1 − λ¯22 − 2)− w2(4λ¯1 − λ¯22 − 3)− 1 = 0
(A4)
Then
N2 − (1−M)(M − p
2)
M
=
4J¯2 × eq.(A4)
w2(1− 2λ¯1 − cλ¯2 + λ¯22)2
(A5)
Appendix B: Elliptic integral of third kind
According to [27, 413.01], the complete elliptic inte-
grals of third kind can be expressed in terms of incom-
plete elliptic integral of first and second kind. For the
case II (circular), i.e. p2 < α2 < 1, one has
Π(α2, p) =
∫ K
0
dt
1− α2sn2(t, p) (B1)
=
α [(E −K)F (ξ, p′) +KE(ξ, p′)]√
(α2 − p2)(1− α2) (B2)
where
sin ξ =
√
α2 − p2
α2p′2
p′2 = 1− p2 (B3)
In particular,
Π(p2, p) =
E
1− p2 (B4)
and
Π
(
p2
w2
, p
)
=
w[(E −K)F (ξ, p′) +KE(ξ, p′)]√
(1− w2)(w2 − p2) (B5)
for
sin ξ =
√
1− w2
1− p2 (B6)
